Three new test statistics are introduced for correlated categorical data in stratified R X C tables. They are similar in form to the standard generalized Cochran-Mantel-Haenszel statistics but modified to handle correlated outcomes. Two of these statistics are asymptotically valid in both many-strata (sparse data) and large-strata limiting models. The third one is designed specifically for the many-strata case but is valid even with a small number of strata. This latter statistic is also appropriate when strata are assumed to be random.
INTRODUCTION
In multicenter clinical trials, the responses are often recorded on a discrete scale, such as stages of disease severity or levels of improvement following an intervention. In addition, the categorical responses may be correlated because of repeated or multiple measurements on each individual or subsampling from clusters such as family units. Such data are often called correlated categorical data. Moreover, the subjects in the trials are usually randomized to two or more treatment groups such as the different doses of an active ingredient, and one primary objective of the trials is to study the treatment effect.
Sometimes the data from the above type trials are sparse, Le., the number of centers (q) is large, but the number of patients in many centers is small. This many-strata (sparse data) situation occurs for example when enrollment of large number of patients is not possible at each individual center. Furthermore, the sparse situation will become more serious in the data analysis when adjustment for other prognostic factors is necessary. Under the many-strata (sparse data) situation, since the total sample size increases with the number of nuisance parameters (here due to center effects and prognostic factors), the standard generalized estimating equations (GEE) approach and the standard likelihood method for correlated categorical data will fail; see Liang and Zeger (1995) for further explanation.
Similarly the general weighted least squares (WLS) method (Koch, et ai., 1977) for analysis of correlated categorical data will be invalid in the many-strata (sparse data) situation.
In contrast to the above approaches, generalized Cochran-"Mantel-Haenszel (CMH) statistics are robust to the sparse situation. However, the assumption of an underlying multiple hypergeometric distribution is not satisfied when there are correlated categorical responses. Although data can sometimes be analyzed by using CMH statistics separately at each time point, combining the results at each occasion to get an overall conclusion is difficult. Furthermore, when there are irregular time points for different subjects or the data are from subsampling from clusters, this approach is not available. Liang (1985) proposed one score test which handles the sparse correlated binary data, but the asymptotic validity depends on the number of strata q ---+ 00. Zhang and Boos (1995) proposed two score tests for correlated binary data that are asymptotically valid in both many-strata (sparse data, q ---+ 00) and large-strata limiting models (Robins, Breslow and Greenland 1986) . In this paper, we extend these approaches to correlated categorical data and propose three new tests. In Section 2, the three test statistics are described, and Monte Carlo studies are presented. Power calculations based on the test statistics are given in Section 3. Section 4 contains a real example followed by a summary discussion in Section 5.
TESTING THE NULL HYPOTHESIS OF NO TREATMENT EFFECT

Data Structure and Basic Questions
The data structure for the hth stratum is shown in Table 1 , where each row is one subject's data. Thus Xhijk denotes the number of times the kth individual in the ith treatment level of the hth stratum received a response of level j. R is the number of treatment levels, C is the number of response categories, nhik is the number of repeated measurements (or cluster size) of the kth individual, and nhi is the number of subjects in the ith treatment level of the hth stratum. For illustration, we list in Table 2 part of the real data from Section 4. In this example, R = 3 (placebo, low dose, and high dose), C = 3 (1 = "no improvement," 2 = "some improvement," and 3 = "marked improvement"). For example, row 1 represents the results for patient 1 from the placebo group of stratum 2. That patient was scored three times as "no improvement" and once as "some improvement" during the four follow-up visits. 
where 1rhij is the probability that a single multinomial response is in the jth category for the ith treatment level and the hth stratum, then a single row of Let Xhi*. = (Xhih Xhi2., " ., XhiC.)' denote the sum of Xhi*k over k, then data in the hth stratum can be summarized as in In addition, we assume that the {Xhi*k} are independent from each other within and across the strata, and the expectation of Xhi*k is equal to nhik1rhi*.
The overall null hypothesis of no treatment effect can be described as:
Three alternative hypotheses of practical interest are briefly described in the following.
A detailed discussion can be found in Landis et at. (1978) and Kuritz et at. (1988) . 
Here D a is a diagonal matrix with elements of a on its main diagonal, and C h and Rh are the matrices defined according to the above alternative hypotheses. Typical choices of
Rh and Ch are briefly described in the following. When we are interested in the alternative hypothesis of "general association," R h = [IR-u -JR-l] and Ch = [lc-u -JC-l] , where IR-l is an identity matrix ofrank R -1, and JR-l is an (R -1) X 1 vector of ones. When we are interested in the "mean responses differ ," Rh is the same as the one used for the "general association" and Ch = (ChI, ... , Chc), where Chj is an appropriate score reflecting the ordinal nature of the jth category of response for the hth stratum. When we are interested in the "linear trend in mean responses," Ch can be defined as the same as the one for the "mean responses differ" and Rh = (Thll ... , ThR), where Thi is an appropriate score reflecting the ordinal nature of the ith level of treatment for the hth stratum. The choice of Ch and Rh will not be discussed further here, but a more detailed summary can be found in Landis et ai. (1978) .
Under the assumption of independence between observations, TCMH is approximately distributed as a chi-squared distribution with degrees of freedom equal to the rank of B h under the null H o . However, VCMH will be invalid in the presence of positive within-cluster correlations.
Our three new test statistics have exactly the same form as the standard generalized
Cochran-Mantel-Haenszel statistics above but different covariance matrix estimators in place
The first statistic is a generalization of the statistic of Liang (1985):
Note that a direct generalization of Liang's (1985) statistic would give us:
The reason for using TEL instead of TL is as follows. Under weak regularity -conditions, both TEL and TL have asymptotic chi-squared distribution with degrees of freedom equal to the rank of Bh under H o as q -+ 00. However, when q is small to moderate, the chisquared approximation is not adequate, and we have found from simulations that TL is very conservative and TEL is very liberal. But since TEL is a monotone transformation of TL which has the form of Rotelling's T 2 statistic, we can use the Hotelling's T 2 distribution to improve the approximation when q is small to moderate. Simulations show that the resulting true Type 1 error rates are adequate for q = 8 and quite good for q~16.
One drawback of TEL is that since the variance estimator uses the strata as the primary sampling units, the efficiency of TEL is affected. Of course, when treating the stratum effects to be random (see, for example, Brownie 1992, and Beitler and Landis 1985) , TEL is a natural test statistic.
Our next two statistics are the direct extension of the two statistics proposed by Zhang and Boos (1995) :
The motivation behind Vp and Vu is as follows. In order to estimate V ar( G) consistently for correlated data, the variance estimators for each stratum need to have the form of an empirical variance because we are not modeling the variance as a function of the mean. In addition, in the many-strata (sparse data) case where we are relying on laws oflarge numbers as q ---t 00, it is crucial that the hth component be unbiased or approximately unbiased in order for the sum of variance estimators over the strata to be consistent.
Note that the variance of G can be written as In Vu, we replace 7rh by the unpooled estimator 7rhi and adjust with the factors bhi and 1 -2nhik/nhi.. The motivation for this adjustment can be seen by noting that
n hi. k=l
Though the adjustment in Vu is more complicated than that in Vp, it obtains the desired unbiasedness without any assumptions on the form of the variances of {Xhi*d.
We summarize the above results in the following theorems.
Theorem 1 If the Xhi*k'S are all independent of each other with mean E(Xhi*k) = nhik 7rh and covariance matrix Var(xhi*k) = nhikEh for h = 1, ... , q, i = 1, ... , R, k = 1, ... , nhi, and some positive definite matrices Ell ...,
Theorem 2 If the {Xhi*d are all independent of each other with mean E(Xhi*k) = nhik7rhi*,
Although Vu is unbiased in general, we have found that Vp is usually preferable because the pooled estimate 7rh makes Vp more stable then Vu under H o . Also, the adjustment factor
(1 -2nhik / nhi.) for Vu may be negative or zero when nhi is less than 3, though it seldom happens in practice.
Both Tp and Tu have asymptotic chi-squared distributions with degrees of freedom equal to the rank of Bh as long as the total number of subjects goes to 00. Furthermore, since the covariance matrix estimators of Tp and Tu use the individual subject as the primary sampling unit, the power ofTp and Tv will be considerably better than that of TEL, especially for the case of small or medium q.
We conclude this section with the following theorem on the asymptotic distributions of Tp and Tu. Inherent in the assumptions are that the total number of subjects n = L:~=l L:~l nhi -+ 00.
Theorem 3 If the {Xhi*d are all independent, the cluster sizes {nhid are bounded by
No < 00, the elements of Ch and Rh are bounded in absolute value by some constant, and where df is the rank of Bh.
Proofs of Theorems 1-3 are outlined in the Appendix.
Monte Carlo Study
In this section we describe a simulation study conducted to study both the size and the power of the three new test statistics, TEL, Tp, and Tv, and to compare to the standard generalized Cochran-Mantel-Haenszel test statistic TCMH. In the following, F(df, q -dJ) will denote a F distribution with degrees of freedom df and q -df, where df is the rank of Bh.
Size of the Tests
The total number of subjects in the simulations was fixed at 384, the numbers of response categories (C) and treatment levels (R) were both set equal to 3, and the number of strata (q) was chosen to be 8, 16, and 32, respectively. The number of repeated measurements or cluster size nhik was fixed at 4 in some runs and allowed to range from 4 to 8 in others.
Xhi*k was generated from th~Dirichlet-Multinomial distribution (nhik' 1l"hi = 1l"h, p) with P = 0 (multinomial distribution), p = 0.2, and p = 0.8. Here, p is the intra-class correlation coefficient defined in Brier (1980) . To make the simulations more realistic, when q = 16, we specified 1l"h similar to the estimated proportions for each response category in the control group from a real clinical trial, and we chose the sample size in each stratum nearly the same as that in the real trial. For q = 8, we combined some strata, and for q = 32, we divided some strata. The real trial will be discussed in Section 4. The parameters used in the simulations are summarized in the Appendix in Tables A1, A2 , and A3 for q = 8, q = 16, 
Power of the Tests
We use the same setup as that in Tables A1-A3 These tables show that when p = 0, the power of Tp and Tu is almost equal to the power of the TCMH. When q is small, the power of Tp and Tu is much better than TEL. As q increases, the difference in power between TEL and Tp and Tu decreases. However, when q = 32, the power of Tp and T u is still considerably better than the power of TEL. 
POWER CALCULATIONS
Since categorical response variables are usually based on ordinal scales, we will focus on power calculations for ordinal data. Furthermore, we will discuss the power calculation in the case of only one intervention group and one control group (R = 2).
Following the ideas of Wittes and Wallenstein (1987) , direct calculation give us the following power approximation:
where cI> is the standard normal distribution function, 41h = 7rh2 -7rhl is the difference of success probabilities between the treatment group and the control group for the hth stratum, C h = (ChI, Ch2, ... , ChC)' is the column score for the hth stratum, Z ( For simplicity, consider a study with equal numbers of repeated measurements for each subject (nhik = no), the same alternative 41h = 41, constant treatment and control probabilities 7rh2 = 7r 2 and 7rhl = 7r 1 across the strata, the same covariance matrix E 2 for Xh2*k in the treatment group and E 1 for Xhuk in the control group across the strata, constant response scores C h = C across the strata, and a = 0.05. The power approximation simplifies to
When no = 1, we can use the multinomial distribution to compute Ei' where Ei = D1ri-7ri7r:, and D 1ri is a diagonal matrix with 7ri on its main diagonal for i = 1 or 2. When no > 1, we make the assumption that the Xhi*k has the Dirichlet-Multinomial distribution (p), so that
covariance structures for Xhi*k could be used to calculate Ei. varies from 1 to 50. Note that for no is in the range 1 to 10, increasing no will considerably increase the power of the test. However, when no > 10, the gain in the power by increasing no is minor. Therefore, when planning a study, one should jointly consider both the total sample size and the number of repeated measurements in order to achieve a balance between the optimal statistical power and realistic constraints. 
EXAMPLE
The (slightly modified) data reported in Table A4 in the Appendix are from a multicenter clinical trial designed to compare a new drug for topical treatment of psoriasis with a placebo. Patients were randomly assigned to a drug (two different dose levels: low and high) or a placebo in each ofthe 16 clinical centers, and then were evaluated on a three-point ordinal scale from 1 to 3 (1 = "no improvement," 2 = "some improvement," and 3 = "marked improvement") at four follow-up visits. Notice that the number of patients in many centers is quite small (sparse), and the sparse situation will be more serious when adjustment for other prognostic factors, such as age, gender, and pretreatment severity, is required. Furthermore, the responses are correlated categorical data.
For illustrative purpose, we analyzed the data using all the three new statistics. Keep III mind that TEL can be computed from Table A4 , but in order to calculate Tp and Tu, data based on each individual subject are needed (see, for example, Table 2 ). The results are summarized in Table 9 . All the p-values for Tp and Tu are smaller than those for TEL, and this agrees with the simulations in Tables 6-8. (dj, q -dJ) , q = 16, dj = 1,2, and 4.
df: the rank of Bh.
5
DISCUSSION
In this paper, we have extended the standard generalized Cochran-Mantel-Haenszel statistics to correlated categorical data and proposed three new test statistics. These new tests preserve the distinctive features of the standard generalized Cochran-Mantel-Haenszel statistics, that is, 1) they provide simultaneous adjustment for all covariates through stratification, 2) they are robust to the presence of sparse data, and 3) they have no analytical problems for missing data. Therefore, they have very broad application similar to the standard generalized Cochran-Mantel-Haenszel statistics.
Among the three statistics, we prefer Tp which uses pooled estimators in the variance estimator. The statistic T u which uses unpooled estimators in the variance estimate performed very similar to Tp in the Monte Carlo studies. Both Tp and Tu have power advantages over TEL, especially for a small number of strata. However, if we model the strata as random, only TEL is valid. In addition, all three statistics have closed forms and are easy to compute. Finally, the approximate power calculations in Section 3 are easy to use when designing a study. where df = rank(E) = rank(Bh). A similar proof works for Tu.
APPENDIX
